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Abstract 

The irrotational vortex geometry carachter of torsion loops is dis- 
played by showing that torsion loops and nonradial flow acoustic 
metrics are conformally equivalent in (1 + 1) dimensions while radial 
flow acoustic spacetime are conformally related in (2 + 1) dimensional 
spacetime. The analysis of 2-dimensional space allows us to express 
the fluid density in terms of the parameters of torsion loop metric. 
These results lead us to conclude that the acoustic metric of vortex 
flows is the gravitational analog of torsion loop spacetime. Since no 
vorticity in the fluids is considered we do not make explicit use of non- 
Riemannian geometry of vortex acoustics in classical fluids. Acoustic 
nonradial flows are shown to exihibit a full analogy with torsion loop 
metric. 
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1 Introduction 



A new method developed quite recently by M. Visser and Weinfurtner [l]to 
show that the spacetime geometry of the equatorial slice of the Kerr black 
hole is formally equivalent to the geometry phonons follow in a rotating fluid 
vortex is used here to show that the phonon vortex geometry follow equiv- 
alent paths test particles would follow around a gravitational torsion loop 
[2]. One of the main advantages of this approach is that this avoids the 
use of the recently introduced non-Riemannian geometry of vortex acoustics 
[3] since here the curl of the speed of the fluid is given by a delta Dirac 
function and is only distinct from zero at the vortex site and not globally 
throughout the fluid. It is shown that in (1 + 1) spacetime the nonradial 
flow of non-collapsing vortex geometry is equivalent to the teleparallel ge- 
ometry of torsion loops. In the case of radial flows it is shown that (2 + 1) 
dimensional vortex geometry fits quite well on the torsion loops geometry 
and is actually conformally mapped to this geometry. More recently Zhang 
et al [4] have shown that acoustic wormholes can also be obtained following 
Visser- Weinfurtner method [1]. The letter is organised as followed. Section 
2 presents the vortex geometry of torsion loops in (1 + 1) dimension, while 
in section 3 the radial flow vortex geometry in (2 + 1) dimensions is confor- 
mally related to the torsion loop non-Riemannian geometry. In section 4 we 
present the acoustic nonradial flow and compute the coordinate transforma- 
tion which makes the acoustic metric fully analog to the vortex geometry of 
acoustic flow. Also in this section by examining the 2 dimensional vortex 
geometry one obtains a relation between the fluid speed and the torsion loop 
parameters as a step function. Since we are not dealing with rotational fluids 
we do not make use of the recently non-Riemannian geometry of rotational 
fluids [3]. Since as we shall see the physical acoustic metric depends on the 
speed of the flow we could consider it as a Riemann-Finsler geometry [5] with 
or without Cartan torsions. 
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2 Vortex geometry of torsion loops in (1 + 1) 
dimensions 

The physical acoustics metric [1] is given by 

ds 2 = ^[-(c 2 - v e 2 )dt 2 - 2v e rd9dt + dr 2 + r 2 d9 2 + dz 2 } (1) 

c 

and considering the cylindrically symmetric time-independent fluid flow en- 
dowed with a line vortex along the z — axis, the flow velocity v reads 

v = v r (r)e r + v e e g (2) 

where e r and eg are respectively the unit base vectors of the planar flow. 
The conservation equation and Euler equation for the irrotational flow are 
written as 

X7.v = (3) 
f = p(v.V)v + c 2 dpe r (4) 
A simple analysis of the torsion loop metric in (1 + 1) dimension 

ds 2 TL(1+1) = -dt 2 - 2B e adtd6 + (1 - B 2 e )a 2 d9 2 (5) 

in (£, 9) allows us to infer the conformal relation between the vortex geometry 
of non-radial flow, where v r = 0, and the the torsion loop metric 

ds 2 {1+1) = p[l - v e 2 ]ds 2 TL{1+1) (6) 

where c 2 (r = a) = 1 where a is the radius of the torsion loop. An important 
feature of this geometry is that the flow goes supersonic vg 2 = c 2 = 1 and 
due to the conformal relation between the acoustic and torsion loop metrics 
implies ds 2 = 0. 



3 Vortex geometry of torsion loops in (2 + 1) — 

dimensional spacetime 

Let us now consider the acoustic metric in (2 + 1) dimensional effective space- 
time for the non-radial flow 

,o p. 9 9 ,.. (2vgrdtd9 + 2v r dtdr — dr 2 — r 2 d9 2 ) , . . 

ds 2 {2+1) = F -{C 2 - V 2 - Vg 2 ) [-dt 2 - ± — 7 

C [C 2 — V r 2 — Vg 2 ) 
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which along with the torsion loop metric in (2 + 1) spacetime 

ds 2 TL(2+1) = -dt 2 - 2B e rdtd6 + (1 - B 2 e )r 2 d6 2 - 2B r dtdr + (1 - B 2 r )dr 2 (8) 
yields the following constraint equations 

B e = ^ 0) 

c 

B r = ^ (10) 

c 

where we adopt the approximation {v r 2 + vg 2 ) « c 2 which is a subsonic 
approximation since c(r) represents the speed of sound in the fluid. This 
time the conformal equivalence between the metrics is 

ds 2 (2 +i) = pds 2 TL(2+1) (11) 
By considering the 2 — dimensional acoustic and torsion loop metrics 

ds 2 = ?[dr 2 + r 2 d6 2 } (12) 



ds 2 =(l-B e 2 )[dr 2 + r 2 d6 2 ] (13) 



and 

allows us to infer the following relation between the fluid density and the 
metric coefficient Bq 

n(r\ 

;i - b\) (M) 



c(r) 

to carry out the computations in this section we consider the degenerate case 
where B r = Bg. Finally we mention that due to the equivalence shown here 
one may rewrite the Letelier constraint [2] 

VxB = J (15) 

— * 

where J is the Cartan torsion vector, as [2] 

Vx^- = J=J 5(r-a)5(z) (16) 

where 5(x) represents the Dirac delta distribution and J in this case is the 
torsion vector of the vortex geometry along the vortex z-direction. 
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4 Acoustic nonradial flows 

To show that Letelier torsion loop metric is analogous to the vortex bath tub 
geometry we consider the following form of the nonradial (B r = 0) form of 
torsion loop metric 

ds 2 TL{2+1) = ~dt 2 - 2v e rdtd9 + dr 2 + (1 - B 2 )r 2 d9 2 (17) 

Comparison of this metric with metric 

ds 2 {2) =n 2 (r')(dr' 2 + r ,2 d9 2 ) (18) 

yields the following equations 

n 2 (r')r' 2 = (1 - B e )r 2 (19) 

n\r')dr' 2 = dr 2 (20) 
From this couple system of equations one obtains 

A simple integration can be obtained by considering the expansion (1 — 
B e 2 )i = (1 + \B 2 e ) which yields 

j 2 

r' = r~5- + c (22) 

where c is an integration constant. During the integration we have used that 

B d = J H (r - a) (23) 

where Ho(r — a) is the Heavised step function which is 1 when the r is greater 
or equal the torsion loop radius a. Expression (23) represents the solution of 
the vortex equation 

t zre d r B e = J 5(r - a) (24) 

This is trivial since the derivative of the Heaviside function is the Dirac delta 
distribution. Comparison between metrics (7) and 

ds 2 TL(2+1) = n 2 [n- 2 (-dt 2 - 2v e rdtd9) + (dr' 2 + (1 - B 2 e )r 2 d9 2 } (25) 
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yields the following expressions for the analog model 




(26) 



v e = Q 2 J H (r - a) 



(27) 



which completely carachterizes the "flow". Expression (26) was also obtained 
for the vortex geometry of the equatorial plane of the black hole in reference 
[4]. Finally one might notice that the torsion loop behaves analously to the 
bath tub since the step function tells us that for r < a or inside the loop, or 
in the analog model inside the bath tub , the velocity vanishes, or there is 
no fluid in this region since in the plane of the bath tub there the flow has 
only z-component and no component on the 9 direction. 

5 Discussion and conclusions 

We have shown that vortex Finsler type effective geometry can be conformally 
mapped into the teleparallel geometry of a torsion loop metric as long as some 
constraints on fluid flow and dimension be respected. From the discussion 
and formulas presented here one could easily compute the Euler equations 
for the equivalent gravitational analog. We finally show the analogy between 
the gravitational torsion loop and the bath tub metric. 
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